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Abstract. A method for crystal-field energy level analysis was proposed which used the group
chain scheme introduced by Butler, The ratios of crystal-field parameter calculated by a simple
point charge model was used as a constraint condition, which turned out to be the same or
essentially the same as those obtained by a superposition model or other models and the absolute
values of these ratios can be seen as a measure of the degree of symimetry distortion of the system,
As an example, the sitvation of D3 symmetry was studied. By using this fitting technigue to
obtain values for the parameters, only one minimum was found for each of the cases studied.
The eigenfunctions obtained have obvions symmetry properties and the low-symmetry distortion
of the system can easily be seen from the ratios Cﬁ / Cg . Therefore, the crystal-field analysis is

not only a formalism but also a real physical insight, The crystal field for Nd®+:YAl;(BO3)q
and NdAl3(BO3)4 crystals was analysed in detail.

1. Iniroduction

Crystal-field theory has been widely used in energy level analysis of laser crystals doped
with rare-earth and transition-metal ions, as well as in various problems in the fields of
physics and chemistry nowadays, and a large number of papers have been published [1-9].
Nevertheless, the way in which the least-squares fitting should be carried out unambiguously
is still a problem, especially for situations in which the active ions are in low-symmetry
sites. Many minima exist which are indistinguishable from each other. All of them can
have a small RMS deviation but they do not all correspond to physical reality and it is
difficult to determine which solution is the best only by the fitting of energy level data. One
way to overcome this difficulty is to introduce a theoretical model and to select the best
set which agrees well with the model. A variety of theoretical models have been proposed
[10-19] and some of them were used to assess the reliability of the fitting. However, it
must be admitted that no special model can represent singly the crystal-field effect because
there are so many kinds of mechanism contributing to the crystal-field effect [10]. In fact,
the agreement between theoretical calculation results and the data obtained by energy level
fitting is still very unsatisfactory. On the other hand, a sef of ‘crystal-field invariants’ has
been proposed and it is believed that they can be used to check the final results [20-22].
It is noteworthy that the crystal-field invariant can always be satisfied by the crystal-field
parameters obtained by least-squares fitting of the crystal-field energy levels provided that
the RMS deviations of the fitting are sufficiently small. Therefore, it must be said that the
crystal invariant cannot be used as an independent criterion to check the validity of final
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results. It is suggested in this paper that to utilize fully the symmetry distortion degree of
the system, which can be seen clearly from the ratios of crystal-field parameters belonging
to the same k-value in the group chain scheme [23] as the constraint condition in the fitting
could be a good way to deal with the problem concerned. It turns out that the degree of low-
symunetry distortion of the system can be estimated by the simple point-charge (PC} model,
or more exactly that the initial values of these ratios can be estimated by the simple PC
model. This method was used to study the situations in laser crystals of Nd*+:YAL,(BOs).
(NYAB} and NdAl3(BO3)s (NAB) in which Nd** jons occupy D3 symmetry sites.

2. Theoretical formulation of the method

Suppose that the active Nd>¥ ions occupy the positions belonging to point group G; then
the crystal-field Hamzltonian Hc is invariant under the action of any elements of G, i.e. it
transforms as O(G) (in Butler’s [23] notation). For the situations studied, G=D3. Consider
the group chain 8O; O O O D3, Hy can be expressed as

He =) Ckobls (1)

kype
where b¥, are the basic functions of the group chain SO; D O 5 Dj and are identical
with [kpO) in [23], and Cﬁo are the expansion coefficients of Hy according to these bases.

Because all these functions belong to the O representation, the index Q can be omitted in
equation (1}; then

Hi=Y Chp! (2)
L
where bﬁ can be foupd from [23, ch 16), which has been expressed 2s linear combination
of spherical harmonics |kg}. In order to compare this with the Hamiltonian of traditional
crystal-field theory, |kg) should be expressed as Cy, by

lkg) = NiChq (3)

where Ny = (32, Ny = N2 No = 3)(Z)'/2. On the other hand, H can be
expressed as

Hy = Z By Crg. 4)
kg

In the case of the point group D, the detailed crystal-field Hamiltonian will be
e = C30% + CRb4 + Clof + CEa + Cp8 + €18 ®
in the group chain scheme. It can also be expressed as

Hep = BaoCao + BygCap + B13Caz + BepCoo + BsiCos + BesCes ()]
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where By; and Bg have been made real by a rotation about the Z axis. It can be easily
shown that the relationship between the crystal-field parameters of two different schemes
will be

By = —(%)WZC?
w0 =28 =-HDCE - DG
Bis = 21D + (HD et
Bso = 4(zp) (- @'CF + ()HCF ]
Bey = 4D IR 2CE + (GD'ACE + (HUE)CE ]

Bes = 4(zp) I~ HEDVCE + (nVACE - B et ).

9

Conversely
¢ =~V 8y
Cs = QN PU=-3 1B ~ (3)(30) B3]
¢t = PEPU-3)15)2Bao + (3)(42) By
C8 = (HE3NPU-5)(2 Beo + (2)(105)2 Bss — (5)(462)/2Bg]
Cf = (D@D (3)(462)! /2 Bes + 205 Beg]

C? = (3)(231)'[(§) Beo + (155)(210)/* Bss — (135)(231)' Bes].

Newman and Ng [20] mentioned that the ratios of the phenomenological parameters were
very similar to those calculated by a simple PC electrostatic model for the nearest- nelghbour
jons, and the calculations of Ellis and Newman [24, 25] showed that the ratio A6( V/ Ag 0(rty
calculated for the dominant overlap and covalent contributions in the complex (PrClg)ﬁ“
is in fact exactly the same as the electrostatic ratio; its reciprocal was used to determine
crystal-field parameters in rare-earth trichlorides [26]. We would like to point out that it
is possible t0 use the superposition model to demonstrate the consistent behaviour of these
ratios. According to the superposition model [20], we have the following equations:

=" AR KB, b1 ©)
L

and
Ar(R) = A (Ro)(Ro/ R (10)
where K, is the geometrical factor given in [20, table 2], # is the power-law exponent

which depends on the mechanisms involved. In the sitations studied (i.e. the Dy site
symmetry), all the R, -values are equal; then

A7
A—‘; = Ky, ¢'L)/ > Kig(6r. 1) (11)
k L L
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It is independent of the #-value. This means that the ratios A7 /A7 (and therefore Byy /Bi,)
calculated by the simple PC mechanism is the same as those obtained by other mechanisms
involved in crystal-field interaction. Even some Rj do not equal each other; the ratios of
the crystal-field parameters calculated from the resultant contribution of all the different
mechanisms (corresponding to different fp-values) will be essentially the same as those
calculated from only a single f,-value corresponding to the simple PC mechanism. The
calculated result for N&®+:vaG is shown in table 1; the related structure data were taken
from [27]. Qbviously, the ratios for the composite effect are essentially the same as those
due to only simple PC interaction.

Table 1. Comparison of the ratios of the crystal-field parameters of Nd**:vac obtained by
the composite superposition mode! (contributions from a series of #-values) and by the single
superposition model {contributions from #-values corresponding to a simple PC mechanism).
The structure data of Nd**:vag is taken from [27}. In the calculation using the composite
model, 7.-values from 1, = 5 to £y = 11 and from 1 = 7 to #;, = 13 were taken into account for
k = 4 and k = 6, respectively.

BsafByy  Bu/Bw  Ber/Ba  Ba/Be Bs6/ Beo

Single 0.19 —~0.45 1.96 1.36 -0.14
Composite  0.25 —0.48 1.90 1.35 ~0.16

The crystal-field parameter ratios in the traditional crystal field scheme were defined as
Py = By By Py = Bg3/Beo P3 = Bes/ Bso. (12}
The corresponding ratios in the group chain scheme were
rn=C}/Cq r2=C3 /C§ rs = C{ /C3. (13)
Then the relationships between these two sets become

Py = [(10)'2 — (1121 712 + 2(5) %)
Py =[(=DE = (I Pry — (£)72r3)/11 = (3)(3)ry] (14)
Py =12 = (B)E) Pra + (3)'Prs1/11 — (3)(3) /2y

and
=72 = p /I +23) 7 pi]
r2=UHEpr + 3P/ 1—(2) + pr — (33) pal (15)

rs = [—ENEY? = pa + G pl/IEYE? = G2 pr + B pal.

It is apparent that in the group chain scheme the ratios ry, r2 and r3 should all be zero
when the site symmetry is cubic and the gradual distortion from cubic symmetry should
correspond to a continued increase in |rq|-, |rz2f- and |r3|-values irrespective of the kinds
of mechanism that contribute to the crystal field. The data published by Faucher and Caro
{28] are very interesting and can be used as an example to explain the fact that the ratios
calculated by the simple PC model certainly can represent the degree of symmetry distortion.
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The corresponding relation between the degree of distortion and the magnitudes of r{, r2 and
r3 can be seen clearly from the results shown in table 2 which were calculated from the data
given in [28]. On the other hand, we use a simple structure model to explain this relation
in the case of the D; point group. The Nd** jon is sited in the middle between two ligand
triangles (figure 1}; when these two triangles have a relative rotation and deviate from cubic
symmetry, the absolute values of r; (i = 1, 2,3) will gradually increase. This relation is
shown in figure 2. All these analyses and calculations suggest that the better procedure for
crystal-field energy level fitting is first to keep the crystal-field parameters ratios the same
as those calculated by the simple PC model to reach the minimum and then to adjust the
values of these ratios to reduce the RMS deviation further. The eigenfunctions of crystal-field
states of each term 2+!L; are expressed as a linear combination of Butler’s group chain
basis functions as listed in the appendix. All the coefficients in these combinations can
be obtained by the fitting. Because Butler's basis functions belong to definitive irreducible
representations of O and Dy groups, the symmetry properties of the eigenfunctions obtained
are obvious and will facilitate the study of the selection rule of the transitions between them.
In the following section we shall use this method to analyse the crystal-field energy levels
for the laser crystals of NAB and NYAB.

z

Figure 1. The local structure of
NdQg and coordinate system for the
crystal field analysed in this paper,

Table 2. Variation in the crystal-field parameter ratios of Ev?+:LaAlOs in the group chain
scheme versus temperature; when the temperature increases to 500 K, the point symrmetry of
the Eu** site progressively approaches Oy [28].

Temperature

(K) chicy  cirey o /cs
72 0.1452  —0.1072 0.0116

300 01041  -0.0670 0.0011

500 0.0345 -0.0334 0.0023
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Figare 2. Variation in the calculated crystal-field parameter ratios »; (¢ = 1, 2, 3) with relative
rotation angle between the two ligand triangles, when the Nd** point symmetry changes from
0 =+ D3 = D3, corresponding 1o the relative rotation angle ¢ decreasing from 30° — 0°,

3. Crystal-field energy level analysis of the NdAl;(BO;); and Nd**:YAl;(BO3), crystals

The NAB crystal is a high-neodymium-concentration laser crystal with a low threshold,
high gain and good physical and chemical properties [29], and the NYAB crystal has
been developed as an ideal self-frequency-doubling laser crystal which can generate its
fundamental laser light into second harmonics efficiently by itself {30]. Both NAB and NYAB
crystals have structures belonging to the space group Ra; [31,32]. The structure concerned
is composed of two sets of isolated BO; triangles—one perpendicular and the other nearly
so to the C axis. The Nd** ions in the NAB and NYAB crystals occupy the centres of
the triangle prisms formed by two oxygen triangles which have relative rotation angles of
15.352° and 17.047°, respectively (see figure 1); each oxygen belongs to one BO; group.
Other structural data are shown in table 3. The fluorescent specira of these two crystals
have been measured by other workers [33,34] as well as by ourselves. The energy levels
of the *Faa, *Liaj, “111y2 and *lgj; terms were assigned according to these data and are
given in tables 4-6. The matrix elements of the crystal-field Hamiltonian in the group
chain scheme were calculated by means of the Wigner—Eckart theorem and the factorization
lemma of the 3jm factors, and the results are listed in the appendix. As usually adopted in
this field, the intermediate coupling has been taken into account using the reduced matrix
elements (f*SLJ)U,| f*SL'J'} in the intermediate-coupling approximation [35]; in other
words, the 25+ [, states used here are not the pure LS states but the intermediate-coupling
states. Before the fitting, a PC calculation of the ratios of By, have been performed and the
corresponding ratios in the group chain scheme were calculated from equations (12) and
(15); the results obtained are shown in table 7, and the superposition PC model ratios were
directly calculated from equation (11) and transformed to the By, ratios using equation (2.9)
and [20, table 1]. In our calculation, by using these ratios as constraint conditions in the
fitting, only one minimum was obtained, irrespective of the initial values adopted. Further
work on the fitting requires adjustment of the ratios to minimize the RMS deviation of the
energy levels. In table 7, comparisons of the initial and final ratios are given and the
cotresponding crystal-field parameters By, and Cﬁ are shown in tables 8 and 9. Finally,
the experimental and calculated energy levels are compared in tables 4-6. Comparing the
results obtained in this paper with those previously published by us [36,37], obviously,
one can see that the RMS deviations were decreased by the new method, although the
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amount of calculation work is reduced. If the contribution of the two-electron crystal-
field interaction is included, the agreement between the experimental energy levels and
the calculated eigenvaloes can be improved considerably. As pointed out by Judd [38],
a phenomenological method to handle this contribution is to replace the matrix element
(FRSLIUF SL) by (fSLIUll F2SL') + ChlS(S + 1)/(28 + DIV f*SLIVi I f7SLY;
Cy (k = 2,4, 0) are three new parameters. Nevertheless, in doing this, the ratios of the
crystal-field parameters Cﬁ /CE (Big/Byo) should not be changed, because the additional
factor introduced is independent of the irreducible representation index w (or g). Therefore,
the method adopted in this paper is still valid.

Table 3, The Q%" coordinate data for the local NdOg structure in NAB and NYaB crystals,
expressed as (R, 8, @). The sites of O() ¢ = 1,2,3,4,5,6) and the coordinate system are

shown in figure 1.
NAB NYAB
O(1)  (2.3717,56.32°, 7.68%) (2.32135, 54.47°, 8.52°%

o2y  (2.3717,56.32°, 121.68°) (23215, 54.47°, 128.52°)
O(3) (2.3717,56.32°, 247.68°) (23215, 54.47°, 247.52°)
O4)  (2.3717, 123.68°, —7.68°) (23215, 125.53°, —8.52°)
O(5) (23717, 123.68°, 112.32°) (2.3215, 125.53°%, 111.48°)
O6)  (2.3717, 123.68°, 232.32°) (2.3215, 125.53°,231.48°)

Tahle 4, Comparison of the observed and calculated Stark splittings from the centre of gravity
of the *Fayz, #1117z and *ly; 2 manifolds of Nd** in the NAB crystal at 77 K.

Observed splitting ~ Calculated splitting A

Multiplet  {em™1) {em™)) fom™)
4Fap 33.5 417 14.2
-335 —-477 . ~142
np 104.3 91.1 —132
81.3 469 -34.4
-26.7 —5.2 20.5
=357 -153 20.4
—54.7 —478 6.9
—68.7 -68.7 0.0
419/2 155.4 1623 . 6.9
106.4 89.2 -172
-215 31 24.7
-110.6 -1109 ~0.3
-129.6 1438 —142
RMS 3.3

4. Conclusion

The crystal-field energy level fitting has been performed for two Nd**.doped systems;
both have Dy point-group symmetry. A coastant ratio of crystal-field parameters was used
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Table 5. Comparison of the observed and calculated Stark splittings from the centre of gravity
of the 4F3/2, 4113/2, 4111/1 and 419/2 manifolds of Nd>* in nvaB at 77 K.

Observed splitting ~ Calculated splitting A

Multiplet  (cm™!} (em™1) (em™1y
“Fan 24.5 173 -12
—24.5 ~173 72
i3 1059 1236 17,7
94.9 28.7 -62
729 64.7 -8.2
—47.1 —34.1 13.0
—59.1 ~51.9 72
—78.1 —68.1 10,0
—80.1 —122.8 337
TP 106.3 89.4 -169
69.3 56.9 124
58.3 51.8 —-6.5
-63.7 —45.6 18.1
-71.7 -552 225
—927 ~073 —46
gp2 1413 170.3 285
141.8 110.8 -31.0
—242 ~172 7.0
-77.2 —96.0 -18.8
—1822 -167.9 14.3
RMS 20.2

as the constraint conditions in the fitting. It should be emphasized that, without these
constraints, different sets of initial values always result in quite different minima; some of
them cannot even reach any minimum but, if the fitting is under the constraints, all the
different sets of initial values will result in exactly the same minimum. In the group chain
scheme, it can be seen that the constraint conditions of essentially constant ratios of crystal-
field parameters is actually a condition of the degree of low-symmetry distortion so that,
for different mechanisms of crystal-field interactions, these ratios are essentially the same.
The validity of using this condition is due to the importance of symmetry information in
determining the physical effect and the fact that the symmetry rule is a universal rule which
should be obeyed by every kind of physical process. In the current literature on crystal-
field theory, the properties of the site symmetry of active ions has been used to determine
which terms should be presented in the Hamiltonian Hy, but the symmetry information has
not been further utilized. However, for systems with the same kind of point group, their
low-symmetry distortions may be different. It is just the degree of low-symmetry distortion
which determines the relative magnitudes of the crystal-field parameters. The superposition
model was applied to show that the ratios of crystal-field parameters obtained by the simple
PC effect are the same or essentially the same as those determined from the composite
effect consisting of a series of 1,-values; this gives us confidence o use the ratios of the
crystal-field parameters obtained by the simple PC model as constraint conditions in the
fitting.

In the detailed results of NYAB and NARB crystal-field energy level analysis, three points
should be mentioned. Firstly, it shonld be noted that the Stark splitting of NYAR at room
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Table 6. Comparison of the observed and calculated Stark splittings from the centre of gravity
of the *Fasz, *li32, *I11y2 and “Ioy2 manifolds of N3t in the NyaB crystal at 300 K.

Observed splitting ~ Calculated splitting A

Multiplet  (cm™") {em™1) (em~1y
45, 21.0 17.8 -32
=210 -17.8 32
41[3/2 1156 136.6 21.0
100.6 96.4 —4.2
70.6 73.0 2.4
—=49.4 —40.3 9.1
—-71.4 -61.3 10.1
—774 -73.0 44
—88.4 =1314 —43.0
it 12 105.3 97,6 =77
64.3 62,9 -1.4
583 57.6 -0.7
—-49,7 —-53.7 —4.0
=797 —60.3 194
—-98.7 —-1042 =5.5
ey 164.6 184.0 19.4
164.6 1276 -37.0
—3.4 ~17.3 —-8.9
—~1174 -115.1 23
—203.4 —179.2 242
- RMS 197

Table 7. The parameters p; and r; (i =1, 2,3) in NAB and NYAB crystals.

P P2 P n r2 3

NAB Calculated 0,507 -0.117 0413 0440 1348 —-2.506
Experimental (77 K) 0.546 -0.067 -038% 0.399 1.212 -2.667

Nyas  Calculated 0.509 -0.28% -0404 0437 1.307 -1.634
Experimental (77 K} 0570 ~0.352 0408 0374 1327 1443
Experimental (300 K) 0574 -~0.428 -0.429 0370 1398 -—1.292

Table 8. Crystal-field parametess By, for NAB and NYAB crystals.

Bag By By Bgy Be3 Bsg

NAB 513,7 -2174 -1136 2579 -174 -—-1003
NYAB (77T K) -—1862 6235 3555 -=210.1 739 83.6
NYaB (300 K) -1919 631.1 3911 2223 95.1 952

temperature is larger than at 77 K; this is contrary to the situation in the Eu**:LaAlOs
crystal. Secondly, the absolute values of r{, 72 and r3 for the NYAB crystal are smaller than
those of the NAR crystal (table 7); it demonstrates that the distortion from cubic symmetry
in the NYAB crystal is lower than in NAR crystal, which agrees well with the structure
information obtained from x-ray analysis [31,32]. Finally, the eigenfunctions for the crystal-
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Table 9. Crystal-field parameters C¥ for NAB and NYAB crystals.

2z 4 el i) 6
C? c} cf g Ciu Ci.

NaB (77 K) —-629 534 213 =363 -439 967
NYAB (77 K) 228 -—156% 387 456 605 -—658
NvaB (300 K) 235 -1721 -637 517 723 -668

field states of the 4F3/2 and %Iy, 2 terms in the NAB crystal obtained by our method can be
employed to explain the laser polarization direction of the NAB minilaser used by Winzer
et al [33]. Otherwise, the eigenfunctions obtained by us without the pC-modelled crystal-
field parameter ratio constraints give the incorrect answer for the polarization behaviour,
although these minima all have the same small RMS deviations. Therefore, it is obvious
that the method of essential constant ratios of the crystal-field parameters is a good way to
reach the global minimum, although not as many energy levels have been calculated in this
paper as in many other papers; at the same time, the two-electron effect and J mixing effect
were neglected. The group chain scheme of the crystal-field theory adopted has a series
of advantages such as the fact that the symmetry properties of the irreducible subspaces
and eigenstates can be obtained directly using simple group theory. On the other hand, the
most important advantage is that the crystal-field parameter ratios Ct/Cf obtained can be
seen directly to correspond to the degree of low-symmetry distortion departure from cubic
symmetry. After information on the low-symmetry distortion has been taken into account,
the crystal-field calculations are not only a formalism but also a real physical insight.

Finally, we would like to point out that this method can also be applied to other kinds of
point group, especially the lower-symmetry cases such as the D;, Cs and C; point groups.
In the situations of transition ions, this method can also be used.
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Appendix

The irreducible representations of group O and D3 considered in this paper are labelled using
the Butler [23] notation. The correspondence between the labels used by Butler, Bethe and
Mulliken is as follows:

Mulliken: A; A, E T T. F E" U

O Bethe: Fl 1-'2 l-'3 l-'4 l"5 l"ﬁ ]._'7 1—‘3
Butler; 0 0 2 1 1 % : % %
Mulliken: A; A, E E E”

e,

D3 Bethe: I“1 rz I-'3 P4 rs 1-'6

Butler: 0 0 1 % % —%.

On the basis of the group-subgroup chain SO, > O 3 D4, some of the wavefunctions
of the 4f° configuraiton in Nd>* at the D3 symmetry position are expressed as linear
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combinations of Butler’s group chain basic function |*%%!L;uv), where u and v are the
irreducible representations of O and Dy respectively:

|“Fa2) = |*Fapz ) + | *Fapndd) + 1 °Fapnd — 3)

Lz} = M3 ) + !4IE3/2_%) + |4113/2'-5} + [4113/2i -3+ |41‘3=’221 3)
+ [4113/22| 51+ |4113/2— - %} +1 IIS/ZL%) + | 113,/221 1

|*Tige) — | I11/2 2+ [4111/2 X + |4111/1—§) + |4111/23 - 5) + |4111/2%%)
+1 Iwz 3+ |4111/2— -3+ 1" up %%)

|“Tas2) = |*Ijadt + I419/2 L+ |419,'223—u%) +1 19/2% -3+ 5419;2%%)
+ 1419/2 3 +1* 19/2— -3

By means of the Wigner—Eckart theorem, we can obtain the matrix elements of the crystal-
field Hamiltonian in the D3 point-group symmeiry. All the matrix elements listed below
are represented as {pv|Hee|pu'v") simply.

J = %:
b B i-d
(551  Hu 0 0
33 o -H; O
3-3 o 0 —Hn
Hny = H&y*cuct
J= 1—1,3-:
31 il 11 1 33 3
1330 153 153 I 133 159 123 15-3 -3
(3 Hy Hn Hs Ha  Hi
(31 Hun Hn Hpn Hu  Hy
(3] Hs Hs Hn Hu  Hs
(x3] Hwu Hu Hwu Hu Hs
{331 His Hps His His Hss
(%%l Hss  Hgy
(33l Hy  Hn
(2% -2 Hes Hz,
(5 ~ 3l Her Hy

Hll = —(E)Cﬁ)mQU(‘”Cﬁ - 4(@5@6')1/2C5U(6)C8
Hio = ~(§) () CUACE - G PCUNCE + 25y *CUOCE
—4(4—131,?,“5)”206U(6}C?l

Hys = (171!‘)(3_;0)]/2C2U(2)C12 _ (1%)(1_856_2)!;’2(:4[](4@; - (%)(ﬁ;ﬁ)mCﬁU@ci
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— Az P CsU Ot
His = (1) (R P CQUOCT + MR PCUOCE + (D) () P CsU O CE
ths = —F)(H) PCUPCE+ DG ICE + (i) P CUOCE
+ 16(555555) *CsU O CF

Hz = (N5 PCUPCE + (IR PCUOc) - B Feu9cy

—3(I46965)U2C5U(6)Cs (66)(29393)”26‘6(](6)66 ( )(14;65)1/2C6U(6)C?.
Has = (1y ](273)1/2C2U{2JC- + (%}(EQ—I)I/EC4U(4}C4+(.’—,)(%)WQU("}C;—‘
+ (3 )(mscms)mcﬁu(ﬁ')C6 - (14)(88179)”2C U(6}C6
— (D) 2 GO,
Has = (F)GD ' CUPCE + () (5B P CUBCE + (i) PGl OCE,
- (4)(58186)1126'6{}(6)66
Has = ~()alp) P CUPCE = (g e et — (g PesU et
- 9 U Oct
Hzy = (1) 55) QU O] = () (gze)  CU D G — B i) P CaU
+41(islsels)mcﬁu(ﬁ!CO"‘{sﬁ)(29393)]/26'6”(6)(:6 —( 4)(1701?)mc U«gcs
Has = =) (3 " CUOCE - () () 2 OCE — G (i) "Col OCE,
- (Pt 2CUOCE,
His = —(%)(%)”ZCZU(”C? + (§2)(3—9§2—7)1/2C4U(“)C§‘ _ (2)(:@)’”2660‘5’050
- G (Z'PesuOct
Hy = () Z)PCUICE — 4(5855) 2CsUOCE
His = (ZU5)PCUMCE + (32 U C
Hss = ~(3:)(115) 2 CU O CE + 16(itip) AU O C
Hes = (1) () P CUPCE + (H) (£ 20U 9¢E + (I e, Ut
3(]46965)UZCGU(G)CO+(66)(29393}1/2C6U(6)06 — (g )(146955)]/2C6U(5JCG
Her = ~ () (35 P CU A+ (B)an) 2 9¢s - () () P CsUOCE
+ (5 adoss ) P CeUOCE + () 'ﬂC'sU(é)C%’O
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+ (D agds) "CUOC], +il— (55 U P CE + Q)Y *CU Dy
- 2(ssms:)WCEU(G)C6 + 2(440895)1/26' U(G)CG ]

Hr = (£)(Gh) P CQUPCE — () (7hg) PCUOCE + (B)(Fg) PCu®ct
+ 41 () Gl OCE — (D)) PCaUOCS,

+ (@) o) PGV OC]

Jz%':
23 152 123 12D 15D 153 13- -
(131 Hu  Hn  Hiz  Hi
(%%l Hy Hp Hyp  Hu
(%%l Hy Hp  Hyy  Hy
(L1 Hys  Hy Hyy Hy
(%%l Hss  Hse
(33l HY  Hes
(-3 Hss Hg
(-3l Hsg Hges

Hir = —~(P(ggY *CUPCE — (75)' PCUOCE
Hyz = =({)(H)?CQUACE - () *CUWCE + (35) ' PGl OC],
+ (B)(g5)*Cs U@C"’
His = —(f)(3p) PUPCE + ()(55)' CUPCt - Gy () P esu @t
+ D@D Pesu®ct
His = (})(3)*CQUPCT + PUFYPCUOC + (9)(35) 2 CU O]
Hz = —(33)(555) 2 QU P CF — () (gg) P CaU P CE — () g P CaU O
— (B ) e OCs — ()@Y U OCE + (B () POt
=2 )(3003)”2C2U(2)C2 — (& )(429)”204[1(4)(?0 _ (107)(3003)”2C U(4JC4
+ 3G U ICE + (F)g) Pl OCE — (F)(3) P CsU O CF
Has = 4(5355) P CU P CE 4 () () PCaU W CE + 3(5) PCeU O CE,
+ (k) PGV OC?
Has =(%)(%)uzczycz)c_z_f_(ﬂ)(%)magwcg (33)(429)1/2C U(4JC4
+(1,)(429)'f2C6U(6)C0+(“)(663)”2C6U(6)C6 +( )(m)mcﬁU{ﬁ)C%
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Hyy = 4(;;Q(IW)UZCZU(?CE2 - (%)(ﬁ)”z&l}(‘”q—‘ _ (%)(%)UZQU‘@C?O
+ 2agep) U CE
Hy = (%)(%)1/2c4u(4)cg - (%)lﬂceUtﬁ)Cg
H )(3003)1/2C2U{2JC2 ( )(353)1/264[](4)(:0 + (22)(3033)1/26' U“)C""
— (F)) P CeU O CT + () (55) *Ce U(G}Cé — (3 )(;4sss)l/2C’aU(ﬁ}Cs
Hsg = —(%)(Wﬂ)llzczb’(z)c? - (f—l)(fﬁ)mQU“}C“ (107)(3003)”2C U(4)C4
(3) aeg) " CeUOCT — (11)(663)UZC6U(6)C~ + (570" *Co U("”C6
+il-4(z55) 2CUACE + (H(ED U OCE + G (g PCUOCE,
- (%)(ng—ﬁ)wc‘sU(ﬁ)C?I]
_(%)(217_45)1/202{}(2)6'_2 + ( )(429)1/2(:-4(](4]6‘0 + (33)(429)1/2C U{4)C4
+ G PCeU O CE — (F )(563)”2‘:5[}(6)6'6 (ﬁ)(q—'ggi)uzCsU(é)C?,

i
22) Izt 1520 I3 I3 I =3 13 -3
{31 Hy Hn Hp
(3] Hi Hap Hp
(£31 Hs Hp Hp
(23 Huy  Has
(33 Hjs  Hss
(£~ 3] Hy is
(z — 3] His Fay

Hyy = (5)(574—5)1/2C4U(4)C3+ S(ﬁ)mCGU@Cg
Hy = (DD CUPCE + () P CUOc! - D) e Oct

~ A e Oct
Hiy = =(3)(aip) U D¢t + () U OCE — () POt
Hn = (55)(5) "CUPC - DD CUOCE + D(gp) U et

+ (S CUOCE — () (5)C U(E')C(’
H = ~(EYEH VD] + 2sz) U + () e et

(B () 2 CUOCE + B PCUICE + (D) () U OCE

Hzy = —(%)(%)UZCZU(E}C% + (%)(3]775,)1/2C4u(4}cg + (%)(%)1{2C“U(4)C?
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— (18)(522)' U Ol + (:lo)('le‘Ts)UzCGU(G)C?,
Hu = =) (Y PGUPCE - QENPCGUDCE ~ (i) PCatict
+ D) PCUICE + (B i) e O
His = L) POUPCE + 25k) PCUNCE — (R)(F) 2 CU 9 C]
— ) U OCE ~ DG CUOCE, — () () 2CU O
+iG()PCUPCE + (3 () PCUDC] + ()(535) PO CF
+ Z(ﬁ)mCﬁU{ﬁ)Ciﬁ,]
Hss = '—(-;-)(%)1/2C2U(2)C% + (%)(ﬁ)!/ZC‘;U(‘”Cg . (%)(% I/2C4U(4)C‘f1
_ (%)(.ZIZT)UZCﬁU(6)Cg— (%)(ﬁg)l/zcﬁu(é}cg

where C; = ([|Cy[l1) = (=1)'(20 + 1) ((ZJ g é

(k =2, 4, 6) are reduced matrix elements with rank k. For the Nd** ion considered, { = 3
and C, are calculated to be

), and U® = (f"SLT|U®) f2SLJ)

G = —2(%)1/2
Co= 7

Cs = —10(z%5)"%.

References

{1] Bethe H 1929 Ann. Phys., Lpz. 3 133
[21 Griffith I 8 (962 The Theory of Transition-Metal Jons (Cambridge: Cambridge University Press)
[31 Abragam A and Bleaney B 1970 Electron Paramagnetic Resenance of Transition Ions (Oxford: Oxford
University Press)
[4] Kaminskii A A 1981 Laser Crystal—Their Physics and Properties {Berlin: Springer)
[5] Morrison C A and Leavitt R P 1982 Handbook on the Physics and Chemistry of Rare Earths vol 5,ed K A
Gschneidner Jr and L Eyring (Amsterdam: North-Holland) p 461
{6] Henderson B and Imbush C F 1989 Optical Spectroscapy of Inorganic Solids (Oxford: Clarendon)
[71 O'Hare J] M and Donlan V L 1977 Phys. Rev. B 15 10
[81 Chang N C, Gruber | B, Leavitt R P and Morrison C A 1982 J. Chem. Phys. 76 3877
[9] Faucher M and Garcia D 1982 Phys. Rev. B 26 5451
[10] Soderholm L, Long C K, Goodman G L and Darowski B It 1991 Phys. Rev. B 43 7623
[11] Newman D J 1971 Adv. Phys. 20 197
[12] Morrison C A 1976 Solid State Conwnun. 18 153
[13] Judd B R 1980 f. Phys. C: Solid State Phys. 13 2695
[14] Gareia D and Fancher M 1984 Phys. Rev. B 30 1703
[15] Ng B and Newman D J 1987 J. Chem. Phys. 87 7096
[16] Li C C and Reid M F 1990 Phys. Rev. B 42 1903
[17] Zoemierek Z 1984 J. Phys. Chem. Solids 45 523
[18] Malkin B Z, Kaminskii A A, Agamalyan N R, Bumagina T L A and Butaeva T I 1982 Phys. Status Solidi
a 110 417



6964 Luo Zundu and Huang Yidong

[19] Newman D J 1989 J, Phys.: Condens. Matter 1 1613

[20} Newman D J and Ng B 1989 Rep. Prog. Phys. 32 699

[21] Leavitt R P 1982 J. Chem. Phys. 77 1661

[22] Yeung Y Y and Newman D J 1985 J. Chem. Phys. 82 3747

[23] Butler P H 1981 Point Group Symmeltry Application: Method and Tables (New York: Plenum)
[24] Ellis M M and Newman D J 1967 J. Chem. Phys. 47 1986

[25] Ellis M M and Newman I} J 1968 J. Chem. Phys. 49 4037

[26] Hutchison C A and Wong E 1938 J. Cher. Phys. 29 754

[27] Mroczkowski ] A and Randic M 1977 J. Chem. Phys. 66 5046

[28] Faucher M and Caro P 1975 J. Chem. Phys. 63 446

[29] Luo Zandu, Jiang Aidong, Huang Yichuan and Qiuw Minwang 1991 Sci. China 34 762

[30] Luo Zundu, Jiang Aidong, Huang Yichuan and Qiu Minwang 1989 Chinese Phys. Lett, 6 440
[31] Hong H Y-P and Dwight X 1974 Mater. Res. Bull. 9 1661

[32] Qi Xiaoding 1990 private communication

[33] Winzer G, Mockel P G and Kruhler W W 1978 JEEE J. Quantum Electron, QE-14 840

[34] Sho Amano 1991 Private communication

[35] Hufner § 1978 Opiical Specira of Transparent Rare Earth Compounds (New York: Academic)
[36] Huang Yidong and Luo Zundu 1991 Phys. Status Solidi b 167 K117

£371 Huang Yidong and Luo Zundu 1991 Acta Optica Sinica 11 453 (in Chinese)

[38] Judd B R 1977 Phys. Rev. Lert. 39 242



